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CLOSED RANGE OF d ON UNBOUNDED DOMAINS IN 


PHILLIP S. HARRINGTON AND ANDREW RAICH 

Abstract. In this article, we establish a general sufficient condition for closed range of the 
Cauchy-Riemann operator d in appropriately weighted spaces on (0, g')-forms for a fixed 
q on domains in C”. The domains we consider may be neither bounded nor pseudoconvex, 
and our condition is a generalization of the classical Z (g) condition that we call weak Z (g). 
We provide examples that explain the necessity of working in weighted spaces for closed 
range in 


1. Introduction 

Suppose that H C C"" is a smooth domain that may be neither bounded nor pseudoconvex. 
Our goal in this paper is to study sufficient conditions for closed range of the Cauchy-Riemann 
operator in weighted spaces. When O is bounded and pseudoconvex, this follows from 
the classic results of Hormander [Hor65j . Recent work of Herbig and McNeal |HM16j studies 
sufficient conditions for closed range on unbounded pseudoconvex domains in unweighted 
spaces. 

In [HR15j . the authors introduced a condition known as weak Z{q) which implies that 
the Cauchy-Riemann operator has closed range in Lq ^ or Lg on bounded domains. This 
condition is built on the authors’ earlier work in |HRllj . and is inspired by related conditions 
in [Ho91j . |ABZ06] . and |Zam08] . as well as the classic Z{q) condition (see [Hor65] . [FK72] . 
[AG62j . or [CSOlj b We will review our definition of weak Z{q) in Section [2l but for now we 
recall that the special case of Z(q) is the case where the Levi-form has either q + 1 negative 
or n — q positive eigenvalues at every boundary point. On bounded domains, there must be 
at least one strictly pseudoconvex boundary point, so by continuity a bounded Z{q) domain 
in C"" must have at least n — q positive eigenvalues at every boundary point. Hence, a large 
class of interesting local examples (those with q + 1 negative eigenvalues), cannot be realized 
globally as bounded domains in C"" (or indeed any Stein manifold). 

Such examples might exist when considering unbounded domains. However, a simple 
counterexample demonstrates the critical role played by the weight function on such domains. 
Suppose there exists a constant U > 0 such that for every u G Lo g(r2) nDom((9) nDom((9*), 
we have the closed range estimate 

||m|| < 

where d* is the adjoint of d (see Section [2] for details on the notation). Suppose that for 
every i? > 0, there exists zr E VL such that B{zr,R) C H. This is possible even on strictly 
pseudoconvex unbounded domains such as the half-space bounded by the Heisenberg group: 
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= {z G C” : > |zip + • • • + |z„_ip}. Let Mi G 1 )) be nontrivial, and 

define ur{z) = -^Ui (^^). Then ur G C^f^^^^-^{B{zR,R)) C <^^(0,5) (^)- By assumption, 

||mi|| = IImmII < C{\\duR\\ + ||«9*mr||) = R~^C{\\dui\\ + ||9*mi||). 

Since this must hold for every i? > 0, we have a contradiction. Thus, closed range estimates 
in are impossible on many unbounded domains, so we must consider weighted spaces 
to obtain closed range estimates. 

With the tools of [HR15] in place, the present paper establishes sufficient conditions for 
closed range of the Cauchy-Riemann complex on a large class of unbounded domains. We 
introduce our key definitions to classify the domains under consideration in Section[2l Section 
[3] will outline the key computations from |HR15j to prove closed range in weighted spaces. 
In SectionlUwe briefly outline the applications of our techniques to closed range in unweighted 
spaces, as a special case of the results in |HM16j . We conclude with the construction of 
examples satisfying our hypotheses in Section O 

2. Weakly Z{q) domains. 

2.1. Notation. Let C C” be a domain with C™' boundary bfl. 

Definition 2.1. We say that a defining function p for is uniformly C™ if there exists an 
open neighborhood U of bfl such that dist(bf2, bl7) > 0, ||p||c”‘([/) < 00 , and inf[/ |Vp| > 0. 

This is trivial on domains with compact boundary, but on unbounded domains we provided 
counterexamples, a large class of examples, and a complete characterization in terms of the 
signed distance function in [HR13j . 

We identify real (1, l)-forms with a hermitian matrix as follows: 

n 

c = iCj-^ dzj A dzk 

j,k=l 

For a function a, we denote = g and 

Let p : C” —)■ M be a uniformly C^-defining function for fl. We denote the L^-inner 
product on ) by 

{f,g)t= /'(/,p)e-*l^l^dl/= f rge-^\^\"dV 

Jfi Jfi 

where (•, •) is the standard pointwise inner product on C” and dV is Lebesgue measure on 
C”. We denote the induced surface area measure on bfl by da. Also \\f\\t = Jq dV. 

Let Xq = {(A, • • •, fq) G N” : 1 < A < • • • < ig < n}. For I G Rg-i, J G X^, and 1 < J < n, 

let Rj = (—1)''^' if {j} U I = J as sets and |(t| is the length of the permutation that takes 

{j}U I to J. Set = 0 otherwise. We use the standard notation that if m = dzj, 

then 

J GXg 

Let X* = ^ — tZj = and let : Xq^ XQ^^(f2,be the 

X^-adjoint of B : Xq —?■ XQ^g_,_^(f2, This means that if / = 
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and g = Ee'gx.+i 9k dzx e Dom{d*), then 

n o ^ n 

= Y1 '^^K-^dzK and dig =-^^L]gjj dzj. 

Jdlq k = l ^ j£ln j = l 

ifeiq+i 

The induced CR-structure on bh^ at z G bh^ is 

T;’°(bfi) = {L G T^’°(C) : dp{L) = 0}. 

Let T^’°(br2) be the space of C'^~^ sections of T2’°(br2) and T°’^(br2) = T^’°(br2). We 
denote the exterior algebra generated by these spaces by T^’^(br2). If f/ is a suitably small 
neighborhood of bhl, we use r to denote the orthogonal projection and restriction 

r ; AP’^^iU) ^ A^’’'?(bf]). 

If we normalize p so that \dp\ = 1 on bff, then the Levi form C is the real element of 
A^’^(br2) defined by 

C{—iL A L) = iddp{—iL A L) 

for any L G T^’°(br2). 

Definition 2.2. Given a set M C C”, a tubular neighborhood of M is an open set Ur of 
the form LA = {p G C” : dist(p, M) < r} where dist(-, •) is the Euclidean distance function. 
We call r the radius of Ur- 

2.2. Weak Z{q) domains and closed range for d. The following definition was intro¬ 
duced in |HR15] . building on ideas in jHRTT] . 

Definition 2.3. Let LI C C” be a domain with a uniformly dehning function p, m > 2. 
We say bfl (or LI) satishes Z(q) weakly if there exists a hermitian matrix T = (T^-^) of 
functions on bQ that are uniformly bounded in such that Pj = 0 on 6L2 and: 

(i) All eigenvalues of T he in the interval [0,1]. 

(ii) Pi + ■ ■ ■ + Pq — Yl^k=i Pjk ^ 0 where pi,, pn-i are the eigenvalues of the Levi 
form C in increasing order. 

(hi) inGeboik - Tr(T)|} > 0. 

Weak Z{q) is motivated by the basic identity (see fl3.2p below). The third term on the 
right-hand side in fl3.2p may not be positive if the boundary is not pseudoconvex, so we wish 
to carry out additional integrations by parts in the first term on the right-hand side to create 
new boundary terms. T dictates how much we integrate by parts in each direction. Property 
(i) in Dehnition 12.31 guarantees that the gradient terms corresponding to the first term on 
the right-hand side of fl3.2p remain positive. Property (ii) guarantees that the boundary 
terms corresponding to the third term on the right-hand side of fl3.2l) also remain positive. 
Property (iii) guarantees that the terms corresponding to the second term on the right- 
hand side of fl3.2p have a coefficient that is bounded away from zero. Proposition 13.41 is the 
result of this integration by parts. 

On bounded domains, the classical Z{q) condition implies weak Z{q). In a neighborhood 
of each boundary point, we set T equal to the projection onto the span of the negative 
eigenspaces of the Levi-form. Property (i) in Dehnition 12.31 must be satished since T is a 
projection. For property (ii), we note that if the Levi-form has p positive eigenvalues and 
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p > n - q, then we have pi + ■ ■ ■ + Pq - Y,pk=i Pfk = Pn-p + ■ ■ ■ + Pg > 0, while if 

n-l-p>q + l, then we have pi-\ - ^ Pq - Yl'j,k=i = -Pg+i - Pn-i-p > 0. 

Property (iii) follows since Z{q) domains never have exactly q negative eigenvalues. These 
local constructions can be patched together to obtain a global T. On unbounded domains, 
this relationship is less clear, since uniform bounds on the derivatives of the Levi-form do 
not necessarily imply uniform bounds on the derivatives of the eigenvectors of the Levi-form 
(especially near points with repeated eigenvalues), but see |HR16j for a partial result. 

Our main result is the following: 


Theorem 2.4. Let VL <Z LIL be a domain with connected boundary that admits a uniformly 
O'” defining function, m > 3, and satisfies weak Z{q) for some 1 < q < n — 1. There exists 
a T > so that if q — Tr(T) > 0 and t >T or q — Tr(T) < 0 and t < —T, then 

(i) The operator B : Lo,g(^) Lq has closed range for q = q — 1 or 

q; ^ 

(ii) The operator d* : Lq ) —)■ ) has closed range for q = q — 1 or 

q; 

(iii) The weighted d-Neumann Laplacian defined by T\q^t = Bd* + 8*8 has closed range on 

(iv) The weighted 8-Neumann operator operator Ng^t is continuous on ); 

(v) The operators 

a:N,f : Ll,(a,e-‘»') ^ 

and 


(Bn, 


:Li 


q,t)t ■ -^ 0 , 9+1 




are continuous; 

(vi) The operators 


and 


3N,,, : 

(Sr/Vw),* : ^ 


are continuous; 

(vii) If q = q or q + 1 and a G Lq ^(O, ) so that Ba = 0, then there exists u E 

Lo,g-i(^) so that 

Bu = a. 

(viii) ker(ng,t) = {0}. 


Remark 2.5. The hypothesis on f/bo ensures that there exists an r > 0 so that if p G bO, 
then B{p, r) 0 bO is connected. This guarantees that we can move away from the boundary 
a uniform distance without intersecting another piece of bO. 


Remark 2.6. When q — Tr(T) < 0, the Levi-form of O must have at least q + 1 nonpositive 
eigenvalues at every boundary point, so O must be very large (i.e., this Levi-signature can 
not be globally realized on a bounded domain). This is also the case when our weight is 
very large because the exponent is positive, so the space ) fl here) is probably 

very small. Since we are dealing with g > 1, we at least know that L^Q^^(r2, ) Piker 9 is 

nontrivial: simply choose a smooth, compactly supported (0, q — l)-form and consider Bfi. 
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3. The basic estimate 


In our proof of Theorem 12.41 we will use the weight ip = t\z\^. We would also like to 
consider applications of more general weight fnnctions. For a generic weight (p, the hnal 
(non-error term) in Proposition 13.41 below would be 

n n 

E E E E 

l€lq-lj,k = l Jelqj,k = l 

To keep this term positive for all /, we would need to replace (hi) in Dehnition 12.31 with 

n 

illf -^1 +-1- Ag — ^ > 0, 

i,k=\ 

where Ai,..., are the eigenvalues of ipji arranged in increasing order (see the dehnition of 
g-compatible fnnctions in |HRllj ). To avoid this technicality and keep the exposition along 
the lines of [HRlSj . we will restrict to weights which generate a multiple of the Euclidean 
Kahler form, i.e., ddip = tdd\z\^. Thns, Ai = • • ■ = A„ = f and YTjk=i = tTr(T). We 

will see that this still allows us enough hexibility to consider some interesting special cases 
in Section m 

Recall that the signed distance fnnction 5 is dehned by 5 = 5 ontside hi and S = —6 inside 
n. As shown by Theorem 1.3 in [HR13] . if any dehning fnnction p satishes the hypotheses of 
Theorem 12.41 then the signed distance fnnction will satisfy these hypotheses. We also note 
that the signed distance fnnction always satishes |V5| = 1 where dehned, so we can use ^fk 
to compute the normalized Levi-form. 

We hrst show that T dehned on the bonndary in Dehnition 12.31 can be extended to all of 
C” in a nniform way. 

Lemma 3.1. Suppose D has a connected boundary, a uniformly C"* defining function for 
some m >2, and satisfies weak Z{q) for some 1 < q < n — 1. Let T he as in Definition \2.3[ 
There exists a hermitian matrix T of functions on C”' that are uniformly hounded in 
satisfying 

(i) All eigenvalues o/T lie in the interval [0,1]. 

(ii) T|f,o = T, so that pi -|— ■ + pq — YTjk=i > 0 on 612 where pi,..., Pn-i o,re the 

eigenvalues of the Levi form in increasing order. 

(iii) inf^Go{k-Tr(T)|} > 0. 

(iv) There exists e > 0 so that on the neighborhood 11^ of bQ we have 

n 

(3.1) 

i=i 

Proof. Since bLl is nniformly C*^, it has positive reach (see Lemma 2.3 in [HR13] L so for 
0 < e < I Reach(612) and p G Lf 2 e, the map tt : p i-A bD mapping p to 7r(p) where 7r(p) is 
the unique point in bD satisfying \p — 7r(p)| = dist(p, bD) is well-dehned. By Lemma 2.4 in 
jHRT^ . the signed distance fnnction d is nniformly C™ on Lf 2 e- Since Theorem 4.8 (3) and 
(5) in |Fed59] imply 7r(p) = p — d{p)'V6{p) on U 2 e, we conclude that Tip is uniformly on 

U2,. 
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Define a cutoff function ifj G C'°°(C"', [0,1]) so that = 1 and = 0. If g—Tr(T) > 0 
and p ^ C^, define 

T(p) = 'ijj{p)T{7r{p)). 

If Tr(T) — g > 0 and p G C”, set 

T(p) = ij{p)T{7r{p)) + (1 - ^{p))I. 

To prove fl3.ip . observe that VS{7r{p)) = VSi^p) for p G U 2 e by Theorem 4.8 (3) in |Fed59] 
and a continuity argument. □ 


We will no longer distinguish between T and its extension T. We next prove a simple 
density result, adapting techniques that can be found in |Gan] and |HM16] : 

Lemma 3.2. Let Vt <Z LIL be a C*™ domain, m > 2, and let f G Lq e~‘^) n Dom(5) fl 
Dom(9^) for some function ip. Then there exists a sequence of bounded (7™ domains 
{Dj} and functions fj G such that ilj fl 5(0, j + 2) = D fl 5(0, j + 2), fj = 0 on 

^\5(0, j + 2), fj\n^ G Dom(a*), and 

ll^/?'IL2(Q^^e-¥>) + + W f jW L^i^j ,e-‘P) 

^ P/|lL2(0,e-^) + \\^rA\L^{Q,e-^) + 11/11^2(0,6-^) 


Proof. Let y : M —)■ M be a smooth cutoff function satisfying x(a;) = 0 on (— 00 , 0] and 
x{x) = 1 on [ 1 , 00 ). For r > 0 and z G D, let fr{z) = x We can easily 

check that fr G Dom((9) and 


dfr{z) = X 


(r + 1)" 


2r + 1 


dfiz) 


X 


(r + 1)" 


2r + 1 


d\z\^ 
2r + 1 


A/(^) 


almost everywhere. Since x' j supported in 5(0,r + 1)\5(0,r), is uni¬ 

formly bounded on 5(0, r -|- 1), and ||/||l 2 (o\^(o r) e-v) —t 0 as r 00 , we have dfr —)■ df in 
Lf{yL,e~'^). Next, we choose g G Lo,g_i(D, e“^) fl Dom((9), and check 


{fr, dg) 


L2(o,e-v) 


= (f,d(x 


f f{r + iy - 




2r -|- 1 


X 


(r -h 1)^ - 
2r -|- 1 


ai- 


2r -|- 1 


A g 


L^(n,e-P) 


SO I (/r,5^)i2(o,6-^) I ^ ll^^/|lL2(o,e-^) 11^2(0,6-^) + C* ||/ 1^2(0,^-^) ll^llL 2 (o,e-vq for somc Con¬ 

stant C independent of r. Hence, fr G Dom(c?*), and we can check that <9*/^ —<9*/ as 
r —)■ cxo in L‘^{Q, 

Let Hr be abounded C'™' domain satisfying 19^175(0,r-|-2) = 19175(0,r-|-2). By standard 
density results (e.g.. Lemma 4.3.2 in |CS01] ). we can approximate fr on 19^ by a (7™“^ form 
with the necessary properties. □ 


At this point. Proposition 13.61 below will follow directly by applying the proof of Propo¬ 
sition 3.1 (3) in |HR15] to the form fj on the domain Hj, and then taking limits. We 
emphasize that Hj does not necessarily have weak Z{q) boundary, but fj will vanish in a 
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neighborhood of all boundary points where weak Z{q) fails, so the proof will carry through 
without problems. For the sake of clarity, we outline the key steps below. 

Since we are assuming ddip = we have 

n 

J^lq 

and the Morrey-Kohn-Hormander identity follows: 


Proposition 3.3. Let Q be a bounded domain of class and let p be a defining function 
for such that | Vp| = 1 on bVt. Then for any f = Xljex, fj^^J ^ H Dom(5p, 


(3.2) \\8f\\l + \\B;f\\l 


’J J' — 1 


1^ 
I dz^ 




J&Ia 


E E 

iGlq-l j,k=l ' 


bn 


Pjkfjifkie '^da. 


This equality is well-suited for pseudoconvex domains but not a general weak Z(g)-domain. 

2 


For such domains, we need additional integrations by parts in the 


PLl 

dzj 


terms to obtain 


a useful estimate. The form T can be thought of as a rule for integrating by parts in these 
terms, as we will now demonstrate. 

Recall that Lj = ~ ~ Tj- The fact that T consists entirely of tangential 

components is recorded in (13. Ih which allows us to integrate by parts twice to obtain 


^ ' dzh ’ dzq 


j,fc=i 


X; (T^'LJn, Ltfj) 

j,k=l 


V d_h djA 
JdAd-zJ 



j,k=l 


( ( Lpj, ifj + ((1V(T)/,. fj)^. 


Here, we have used 


r <P _8_ 

’ dzu 


ifjj^ = tijk where / is the identity matrix. To work with 


the remaining hrst order terms, we use the decomposition J = (J — T) -|- T to break apart 
each derivative and then use integration by parts as necessary so that the J — T component 
of each derivative is of type (0,1) and the T component is of type (1,0). This leads to the 
identity 




j,k=l 


^ j,k=l 


2 RdE E , a., 

Jeiq j,k,e=i \ 


f ig'fkj _ 

fj 


fj 


\ dzj 

ip JGXqj,k,i=l \ ^ 


^ikAfj 






j,k=l 


'bn 


Note that this integration by parts will introduce second derivatives of T, so we will need to 
assume that these are uniformly bounded in order to absorb them in the error term. 
Combining these calculations with fl3.2p . we have the basic identity: 
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Proposition 3.4. Let Ll be a bounded domain of class and let p be a defining function 
for such that |Vp| = 1 on bQ, and let T be an n x n hermitian matrix of functions 
such that Pj = 0 on bLl for all 1 < k < n. Suppose p satisfies ddp = tdd\z\'^. Then 

for any f = Ejgx„ fj^zj E fl Dom(ap, 


II9/II^ + \KfK = E E ( 


JeXq j,fc=i 


dfj dfj 

9%’9%/, 


^ ^ (r^=Lpj,Llfj 


EEL {pjkfjiJki)e '^da- EEL {r'^’p,ifj,fj)e-'da 

^'T , A U — 1 d hVl 1 r-'T A I 1 d 


I&Iq-l j,k = l 


J&Iq j,k = l ' 


^^{EE l - 5 : 5 : 


J&Iq j,k,£=l 


J&Xq j,k,l=l 


g'^kj 

dzA 


^ik^dfj 


OZf 


^(((«-Tl'(T))/j,/j)^ + 0(||/||y, 


J GXq 


^/^ereO(||/|lp<C'(||T||c;i + ||T||^, 


and I is the identity matrix. 


Henceforth we use the signed distance function as our defining function, so p = S. When 
br2 satisfies weak Z{q), by Lemma [3. II we have 

n n 

(3-3) E EPfifi'.xh-EES'^Lpfj.fj) 

l£Xq-lj,k=l j£Xqj,k=l 

n 

>(ft + ---+A‘,)l/P-|/Pl]T%>0. 

j,k=l 

Using linear algebra, we can show: 

Lemma 3.5. IfT satisfies (i) of Lemma \3.1l then 

dfj dfj' 


j€Xq j,k=l 


E E 


dzk ’ dzj / ^ 


E E 


J&Xq j,k,i=l 




> 




J€Xq j,k = l 


dzk ’ dzj y ^ 


and 


Y: E (r^npj.Llfj) +2 Re 


JeXq j,k=l 


JGXq j,k,£=l 


dzk 


T^'LffjJj 


> 


1 




J€Xq j,k=l 


where 0(||/|1^) < C'll^^'llci 11/11^ some constant C. 


We are now ready to prove the basic estimate. 


















Proposition 3.6. Let f2 have a connected boundary, a uniformly C™ defining function for 
some m > 2, and satisfy weak Z{q) for some 1 < q < n — 1. Suppose (p satisfies ddtp = 
tdd\z\^. Then for any constant C, there exists at eM. so that if f E nDom(5) fl 

Dom(9*), then 

\mi + \\d;f\\i>c\\f\\i. 

Proof. Observe that g—Tr(T) is continuous, so there exists 6 > 0 such that g—Tr(T) > 0 > 0 
or g — Tr(T) < —6 < 0 for all z E Ll. In the former case, we will take t > 0 and in the latter 
case, we choose t < 0. Let fj and Oj be as in Lemma 13.21 Using Proposition 13.41 Lemma 
13.51 and fl3.3p it then follows that 

WdfiWl + imwl > \t\o E ((A).'. + 0(\\fA\l). 

J GXg 

where 0(||/j|l^) < c(||T||ci + ||T||^ 2 )||/j|l^- The result follows immediately by taking \t\ 
large enough and letting j —)■ oo. □ 

Theorem 12.41 now follows from Proposition 13.61 bv standard arguments. For example, see 

jHRTTllsFTn] . 


4. Closed Range in Unweighted Spaces 

Although our primary goal in this paper is to prove estimates in weighted spaces, we 
briefly digress to consider closed range in unweighted spaces. Note that we have stated 
Proposition 13.61 in sufficient generality to include unbounded domains with bounded weight 
functions (Herbig and McNeal |HM16] have shown that a weight function with self-bounded 
gradient suffices for closed range). Our model will be the strictly pseudoconvex domain O 
defined by the defining function p{z) = ~ case, we can use the weight 

ip = ‘2tY^^=i(J^^^j)^- We can easily check that this satisfies ddip = tOdlzl"^. Furthermore, 
\ip\ < 2t on O, so we can use the arguments of Hormander |Hor65] to obtain closed range 
in unweighted Lf spaces (see also section 4.4 of |CSni] for details on passing to unweighted 
estimates for Nq). 

With this as our model, we can prove the following: 

Proposition 4.1. Let kl <Z TIP be a domain with connected boundary and a uniformly 
defining function that satisfies weak Z{q) for some 1 < g < n — 1. Suppose there exists a 

unitary matrix Ujk such that (X]fc=i UjkZk))'^ is bounded on O. Then 

(i) The operator B : has closed range for g = g — 1 or q; 

(ii) The operator B* : —)■ Lq -(O) has closed range for g = g — 1 or q; 

(iii) The B-Neumann Laplacian defined by Dg = BB* + B*B has closed range on Lq ,j(0); 

(iv) The weighted B-Neumann operator operator Nq is continuous on Lq^(O); 

(v) The canonical solution operators for B, B*Nq : -E LQg_;^(f2) and 

NqB* : Lo,g+i(^) are continuous; 

(vi) The canonical solution operators for B*, BNq : Ll^^{kl) -E and 

NqB : Lo,g-i(^) TQ g(O), are continuous; 

(vii) If q = q or q -\- 1 and a E LQ g(O) so that Ba = 0, then there exists u E LQ g_]^(0) so 
that 

Bu = a. 
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(viii) ker(ng) = {0}. 

It might seem more desirable to restrict to domains on which we have estimates in nn- 
weighted L^, as we have done in this section. However, in a later paper we intend to prove 
estimates for the solntion operator in weighted Sobolev spaces. If we try to pass to Sobolev 
space estimates at this point, we will hnd that we have reached a dead end. Snppose that 
contains inhnitely many disjoint balls of hxed radius r (as is the case in our model 
domain dehned by p{z) = ~ 1; where we may consider the family of balls 

centered at (0,..., 0, 2ki) of radius 1). If we take any function / G C^(i?(0, r)) and dehne 
fk{z) = f{z — Ck), where Ck is the center of Bk, then we have a sequence {fk} that is uniformly 
bounded in with no convergent subsequence. Hence, the Rellich Lemma is impossible, 
making any theory of Sobolev Spaces extremely problematic. 


5. Examples 


We begin by correcting a proof from |HR13j in order to show that we have a large class 
of domains with uniformly C™ dehning functions. 

Proposition 5.1. If Vt C. MP” is a C™ domain for some m >2 and 

12 = {x G M” : [xi : . . . : : 1] G 12}, 

then 12 is uniformly C™. 


Remark 5.2. This corrects the proof of Corollary 3.1 in [HR13j . The remark immediately 
following the proof of Corollary 3.1 does not follow from the corrected proof, and is probably 
not true without further assumptions (assuming that 12 and 12^^ are both asymptotically 
non-radial would suffice). 


Proof. Let p be a C'™' dehning function for 12. In homogeneous coordinates, p : —?■ M 

satishes p{y) = p{\y) for every A G M\{0}. Then 


0 = ^p(A|/)|a=i = y ■ Vp{y)- 

We can construct a dehning function p for 12 by p{x) = p([xi : 
0 = [xi : ... : : 1] ■ Vp([xi : ... : : 1]) = x ■ Vp(x) + 


dp 

dyn+i 


: x„ : 1]). Thus, 


([xi : : Xn'. 1]), 


so we can write 


(5.1) X • Vp(x) = -p„+i([xi : ... : Xn'. 1]). 

Since p{y) = p{\y), we have V^pipj) = \^V^p{Xy) where represents the vector of all 
kih. order derivatives. Hence V^p{y) = ^ If |V^p(|//|p|)| < Ck on (912, we have 

|V^p(x)| < Qy| 2 ^jfc 72 - On the other hand, fl5.ip implies 

|pn+i([xi : ... : Xn : 1])P < |xHVp(x)p, 

so adding |Vp(x)p to both sides gives us 

|Vp([xi : ... : Xn : 1])|^ < (|x|^ + l)|Vp(x)|^. 
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If \Wp{y/\y\) \ > Co > 0 on 5^, then we have 

(|xp + l)|Vp(x)|^>i-i^^ 

Jb X 

Hence, |Vp(a;)| > so 

|VV(^)I / Ck 
|Vp(x)| - Co(|x|2 + 1)C2-i- 

The right-hand side is uniformly bounded provided that k > 2 (and this estimate is trivial 
when k = 1). By Theorem 1.3 in |HR13j . H has a uniformly C”* defining function. 

□ 


With this result, we can construct a simple example. Fix 1 < p < n — 1 and set 

n 

1 ^ and \z\‘^_ = ^ 


p 


^ 1 + = 


i=i 


Z-i 


z 




j=p+i 


Using Proposition 15.11 the domain in C"" defined by p(z) = \z\‘^ — \z\‘^ +1 admits a uniformly 
C°° defining function, since this is dehned by a nondegenerate quadratic polynomial. This 
domain is also radially non-asymptotic, but we omit the proof since this is not relevant for 
closed range. This domain satisfies Z{q) for any q ^ n — p — 1. When q > n — p — 1, this is 
an example of a Z{q) domain with at least q + 1 negative eigenvalues at every point, which is 
impossible on bounded domains. To conhrm these claims, we define = 6jk — ZkZj (l-^l?.) ^ 
forp-|-l < j,k < n and = 0 otherwise. Observe that p{z) = 0 implies \z\‘^ = |z|^-|-l ^ 0, 
so T is well-defined whenever p{z) = 0. Then Pj = 0 and all eigenvalues of T are 

equal to either 0 or 1. In fact, ~ —T^-’, so T defines a projection onto an 

eigenspace of the Levi-form with eigenvalues of —1. Since the rank of T is n — p — 1, the 
dimension of this eigenspace must be n —p — 1. If, instead, we project onto the vectors in the 
first p coordinates that are orthogonal to dp, then we have a p — 1 dimensional eigenspace 
corresponding to the eigenvector 1. To compute the remaining eigenvector, we consider the 
vector V = {\z\‘^_zi ,..., \z\‘^_Zp, \z\‘^Zp^i ,..., \z\‘^Zn)- Then — 0 


E 

i=i 




\z\‘^Zk, 

Izllzk, 


I < k < p 
p + 1 < k < n 


\z\ 

2 






2 




2 | 


2 

\z\ 

2 

+ ■ 


z\ 

2 


Pk- 


\zP —\zP 

Hence v is also an eigenvector of the Levi-form with eigenvalue 7^,2 ^ 


is equal to (1 -|- 2 | 2 ;|^) 

Pi + ... + Pg = 


l ^|2 . When p{z) = 0 this 

Thus, the sum of the q smallest eigenvalues is equal to 

-q l<q<n — p — 1 

-n-|-p-|- 1 -|-( 1 -|- 2 |z|^)“^-|-g — n-|-p n—p<q<n ’ 


so 


Pi 


W, ,01-12,-. 


—q + n — p — 1 l<q<n—p — 1 

^ + 2\zW)~^ + q — n + p n — p<q<n ’ 

and this is always nonnegative. We have Tr T 7 ^ g provided that n — p—iT^g, soH satisfies 
Z{q) for all g 7 ^ n — p — 1. 
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For a more interesting example, we introduce the polynomial P{zi,Z 2 ) = 2x \z 2 f — xy^, 
where zi = x + iy. In [HR15j . we show that the domain dehned by P{zi, Z 2 ) < Imz^ in 
(formally) satisfies weak Z{2) and requires the full flexibility of Definition 12.31 In the context 
of |HR15] . this proof is only formal, because the domain is unbounded but the closed range 
results of [HR15j only hold on bounded domains. Hence, in that paper we must go through a 
lengthy argument to transform this into a bounded domain. In the present paper, we are no 
longer restricted to bounded domains, but unfortunately this domain is not uniformly C^. 
Let M denote the set where y = 0, ^2 = 0, and Imz^ = 0, and let p = — Imz^ + P{zi, Z2) be 
a defining function. Then p\m = 0, dp\M = and ddp\M = ‘2xdz2 A d^ 2 , so by Lemma 

2.3 in |HR13] the domain defined by p has no uniformly dehning function. Fortunately, 
this is easily corrected. 

We would like to add + 1-22^)^ to P{zi,Z 2 ) in order to improve the asymptotic 

behavior. Unfortunately, to preserve the interesting properties of the example, we need to 
preserve the set where x = 2:2 = 0. To that end, we will truncate + 12 : 2 ^)^ to exclude 

all terms involving or y^. Unfortunately, this will cause uniform smoothness to fail on our 
critical set, so we subtract the pluriharmonic polynomial ^Re( 2 ;®) in order to correct this 
without impacting the Levi-form. In summary, our correction will take the form 


^ 2 ) = + \Z2V)V - 

SO our new example will be dehned by: 


—X® + -xS^-x^u"^ H -u®, 

60 4 ^ 4 ^ 60 


(5.2) p{z) = P{zi,Z 2 ) + Q{zi,Z 2 ), 

For such a polynomial, we can use the argument of [HRlSj to show the following result. 

Proposition 5.3. There exists a domain in with a uniformly C°° defining function 
satisfying weak Z{2) such that for some closed hut unbounded set K C dVt, T in Definition 
1^.31 must have one eigenvalue egual to one on K hut on any neighborhood of K there must 
be points where T has no eigenvalues egual to one. 


Remark 5.4. As shown in jHRTH] . this implies that D is not 1-pseudoconvex. In the notation 
of the present paper, 1-pseudoconvexity would mean that there exists T satisfying Dehnition 
12.31 for weak Z{2), but all eigenvalues of T must be one or zero. This is impossible for this 
example, since the number of eigenvalues equal to one is not locally constant. 


Remark 5.5. This domain is also asymptotically nonradial, but we omit the proof since this 
property is not relevant for closed range. 

Remark 5.6. The conclusion of Proposition 15.31 is locally independent of the choice of her- 
mitian metric, so 1-pseudoconvexity will fail in any metric. To see this, £x p G iP with 
an open neighborhood U and an arbitrary hermitian metric g on U. Suppose there exists 
Tg satisfying Definition 12.31 for weak Z{2) on U. Our Levi-form in this new metric can be 
computed in terms of the Euclidean Levi-form by = G^CG for some invertible matrix 
G. Let A > 0 be a smooth function that is at least as large as the largest eigenvalue of the 
positive semi-definite matrix G{I — Tg)(5^, and define T = / — — Tg)G'^. Then all 

eigenvalues of T are bounded between zero and one, 

2 2 

Tr U - ^ = Tr((/ - T)£) = Tr((/ - Tg)C^) = X-\Tt ^ > 0, 

jik=l j,k=l 
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and TrT < 2, so T satisfies Definition 12.31 on U. Further, if v is an eigenvector of T with 
eigenvalue of one, then Vg = G'^v is an eigenvalue of with eigenvalue one, and vice-versa 
since G is invertible. Using Proposition 15.31 must have one eigenvalue equal to one on 
K n U, but there must also exist a point in U where has no eigenvalues equal to one. 


Proof. We will first show that there exists U > 0 such that |Vp| > C(1 -|- (|.2iP + 12:2^)^^^) 
when p{z) = 0. Suppose there exists a sequence {z^} in dfl such that \Vp{z^)\ < |(1 -|- 

{\zi\‘^+ Since ^ we have \Vp{z^)\ > 1, so we must have {z(,zi) —)■ oo. Let 


(^ 1 ,^ 2 ) be a limit point of 
Since 


{4P2) 


and note that this must be a unit-length vector. 


dp 

dZ2 


M2x+{x^+\z2\Y + 2{x^ + \z2W), 


homogeneity and degree considerations establish that n 2 (((R-eni)^ -f 1^2 + 2((Reni)^ -1- 
|n 2 p)(Inini)^) = 0, which is only possible if V 2 = 0. Further differentiating, we have 


dp 

dy 


-Axy-^ + y ( 2 | 2 ; 2 |^ -F ^x^\z 2 \^ + 


so jh(inini)((Imni)^ — 5(Reni)^)^ = 0, which implies either Imui = 0 or Imui = ±\/5Reni. 
Finally, we check 


dp 

dx 


2\z 2\^ -y^ + x Ax‘^\z2\‘^ + 2\z2\'^ + 4:\z2\‘^y‘^ + 5x‘^y‘^ - ^y 


which implies (Reui) (^(Reui)"^-|-5(Reni)^(Imni)^ — i(Imni)^) = 0. Substituting either 
Imui = 0 or Imui = ±\/5Reni immediately implies Reui = 0. We conclude that n = 0, 
contradicting the assumption that v has unit length. Hence, there must exist C > 0 such 
that |Vp| > U(1 + (|zi|2 + 1^2^)®/^) when p{z) = 0. 

Now, we observe that for any k > 1, |VVl < 0{1 + -l- so < 

0(1 -|- (|.2ip + \z 2 \‘^Y^‘^~^^‘^). By the Main Theorem of |HR,13] . the domain defined by (15.21) 
has a uniformly C°° defining function. 

To understand the remaining properties, we differentiate (15.2p (recall that the last four 
terms of Q{zi, Z 2 ) sum to a pluriharmonic function, and can be neglected) to find 


ddp = {—3xy‘^ -I- (x^ -I- \z2\‘^Y -I- 2x‘^{x‘^ + 1^2^) + + \z2\^)y‘^ + 2x‘^y‘^)dzi A dzi 

+ Z2{1 2x{x^ + 2/^ + \Z 2 \‘^) - 2iy{x^ + \z 2 \^))dzi A dz 2 

+ ^ 2(1 + 2x{x^ + 2/^ + \z 2 \‘^) + 2iy{x^ + \z 2 \^))dz 2 A dzi 
+ {2x + (x^ 4- \z 2 \‘^)'^ + 2(x^ -1- \z 2 \'^)\z 2 \‘^ + 2{x^ + W?)y‘^ + 2.\z2\^y‘^)dz2 A dz 2 . 


The only component of dp that we have yet to compute is ^ = f- If we normalize our 
metric so that = 2, then 

\dp{z)\^ = 2\dp{z)\^ = A'^\pj{z)\^ = I + A\pi{z)\^ + A\p 2 {z)\^ . 

1=1 
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\dp\ — 1. Using 


In what follows, we will frequently make use of the identity 
this, we can construct orthonormal coordinates 


Ml = \dp\ ^ 


U2 = \dp\ ^ 



4|p2p 
\dp\ + 1’ 


4piP2 
\dp\ + 1 


) 1 + 


4piP2 
\dp\ + 1 
4|piP 

\dp\ + 1 



uz = \dp\ \2pi,2p2,-*)• 






Since is the complex normal vector to a uniformly C°° domain, each component must be 
a uniformly C°° function. Note that Mi and U 2 can be expressed entirely in terms of the 
coefficients of M 3 . For example, the first component of Mi can be written 
In each case, the denominator of 1 + \dp\~^ is uniformly bounded away from zero, so each 
coefficient must also be uniformly C°°. Thus, we can work in these coordinates without 
sacrificing any conclusions about uniform smoothness. 

As a notational convenience, we write Uj = (m],m^,Mj). Using our orthonormal coordi¬ 
nates, we can compute the Levi-form as follows: 

3 

£,7n=l 


Since all of the terms with £ = 3 or m = 3 vanish, we can rewrite this as a product of 

2x2 matrices, so that C = U where U = \\ ^2 ]• Note that U is also 

VP21 P22) \U2 ^2 J 

hermitian, so the conjugate transpose is not necessary in this expression. 

Using this, we deduce that the Levi-form is trivial only when ddp = 0. When x > 0, 
P 22 = 0 if and only if x = 0 and Z 2 = 0. When x < 0, pij = 0 if and only if x = 0 and Z 2 = 0. 
Hence, regardless of the sign of x, we can only have ddp = 0 if x = 0 and ^2 = 0. We easily 
check that the converse is also true, so we dehne 


Kq = {z ^ dfl : X = 0 and Z 2 = 0}, 

which is the set where the Levi-form is trivial. 

To prove that hi satishes weak Z{2), we will break the problem down into three steps. 
First, we will show that hi is pseudoconvex on some set that is bounded a uniform distance 
away from Kq, so we can use T = 0 on this set. Next, we will construct T with rank 1 on a 
uniform neighborhood of Kq provided that \y\ is bounded away from zero. Finally, we will 
use the construction from |HR13j to cover a uniform neighborhood of Kq when \y\ is also 
uniformly bounded. We will see that by checking these three cases in this order, we can 
guarantee that the three sets overlap in a uniform way, so it will be possible to patch each 
T together and obtain a global T. 

We begin by considering a set where is pseudoconvex. Because the Levi-form is defined 
by conjugating a submatrix of the complex hessian of p by U, we can see that is pseudocon¬ 
vex precisely at points where ( 

\p 2 l P 22 

Rq for some i?o > 0 to be determined later. Then —3xy'^ > —3i?g^(x^ -1- \z 2 \'^)y‘^ and 
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^ is positive semi-definite. Suppose ■\/x^~T~jz^ > 











2x > + 1 ^ 2 so 

Pil > + ‘ix\x^ + IzsH + (1 - 3i?o+ W?)y^ + 2a;V, 

and 

P 22 > (1 ~ 2i?g ^){x‘^ + |^ 2 p)^ + 2(a;^ + | 22 p)k 2 p + 2(a;^ + \z 2 \‘^)y‘^ + 2 | 2 ; 2 p 2 /^. 

These are both positive provided that Rq >3. Similarly, since 1 < Rq^{x‘^ + \z 2 \‘^Y^‘^-, 

(1 + 2x{x^ + + |^2p))^ < {Rq ^ R Rq ^){x'^ + 1 ^ 2 !^)^ + 4x^(1 + i?Q ^)(x^ + |/^ + |z2|^)^, 

where we have used (s + < (1 + -Ro)s^ + (1 + Ro^)t‘^- Hence 

iPi2r < k2r i^x^x^+y^+ + ^y\x^+\z2m 

+ 0{R^%x^ + \z2\y{x^ + y^ + \z2m. 

Using our estimates on pji, we expand det{pj^) as a polynomial in y'^ and observe that 

PnP 22 - |pi2r >a + hy^ + cy^ - 0{R^\x^ + \z 2 \^)\x^ + y^ + 1^2^^), 

where a, b, and c are all polynomials in x and \z 2 \‘^. We compute 

a = 3{x^ + \z2\y, 
b = 3{x^ + \z2\y{3x^ + \z2\^), 


c = 2(x^ + \z2\^){3x^ + 2 | 2 ; 2 n. 

Hence, we can choose Rq sufficiently large so that P 11 P 22 ~ |Pi 2 p > 0. This implies that hi 
is strictly pseudoconvex when + \z 2 \^ > Ro- On this set, we can use the trivial value 
To = 0. 

For Ri > Ro and Yi > 0, we will now consider the set where y/x^ + 1^2^ < Ri and 

-Pi^^ 

-ffiP 2 |piP J 

that we can choose Yi sufficiently large so that 100?/“® < 1 — A < 200?/“®. This guarantees 
0 < A < 1 if hi is sufficiently large. On such a set, A and its derivatives are all uniformly 
bounded. The same is also true for -j^ and j^j-, so Ti must be uniformly smooth. We have 

det Ti = 0 and Tr Ti = \ so the eigenvalues of Ti are equal to 0 and Tr Ti. Since 

we have 0 < Tr Ti < 1, it remains to consider Tr£ — Yl'j k=i '^jk- To compute the trace 
of the Levi-form, we use 


\y\ > Yi- On this set, dehne Ti = 


4A 

MpP 


, where A = 1 


jS^W- Note 


Tr£= ^ 

jy,m=l 


U^jPifhUj'. 


Thus, computing the trace requires computing U^U=\ hL IL 

V??j;??f + ??2M2 

the 3x3 matrix (u^) is necessarily a unitary matrix, we have 


u 


112 


+ |??2p ??i??j; + ??2M2 


2.,1 


,2,,1 


?? 


212 


+ \ui 


212 


Since 


(6.3) 


£/t'f/ = 


112 


IW, 

1 T 2 


2,,1 


-UnU 


3 “'3 


-UnU 


3 “'3 


?? 


212 


_ I J „|“2 A + 4|p2p -4piP2 

V -4ffiP2 1 + 4 |pA 
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Therefore 


Since 


-Vi 


Tr £ — \dp\ ^ ((1 + 4|p2nPii — 8Re(pip 2 Pi 2 ) + (1 + 4|piHp22) • 
is an eigenvector of U with eigenvalue 1, we have U'^TiU = Ti, so 


Pi + ^ 0{{x^ + \z2\^f^'^y^). 


^ T\^Cfk = A\\dp\ ^(|p2|Vn - 2Re(pip2Pi2) + \pi?p22)- 

j,k=l 

Combining these computations, we have 
2 

Tr£- 

j,k=l 

= \dp\ ^ ((1 + 4(1 — A)|p2nPii — 8(1 — A) Re(pip2Pi2) + (1 + 4(1 — A)|pip)p22) • 

To estimate this quantity, it will be helpful to observe that whenever m 2 > mi, we have 
|^|mi < ymi— 2 |^|m 2 < 0 (|^|- 2 ) and {x^ + 1 ^ 2 !")'"^/' < < 0{{x^ + 

since Ri is fixed and Yi can be taken arbitrarily large. With this in mind, we 

estimate 

1 4 ,1 4 , * 

-y H —xy H- 

2^ 4 ^ 20' 

From this, we immediately obtain |pi| < 0{y^) and 

|p.P>^ + |^-o((x^ + NW). 

We will also need |p 2 | < 0((x^ + \z 2 \^)y‘^) and Ipisl < 0((a:^ + \z 2 \^Y^‘^y‘^) From these, we 
have 

Re(^P2Pi2) < 0{{x^ + \z2\^f^‘^y^). 

Since most of the terms in pij and P 22 are positive, we won’t need error terms to estimate 
Pii > —?>xy‘^ and P 22 > 2x + {2x'^ + 4:\z2\‘^)y'^. Since 1 + 4(1 — A)|pjp > 0 for j e {1,2}, we 
can first use these lower bounds on pij and P 22 before estimating the remaining error terms. 
Since |1 — A| < 200p“®, we have 

2 

TrR - ^ T’l^Cj-k > \dp\-^ {-^xy^ + (1 + 4(1 - A)|pin(2a: + (2x^ + A\z 2 \^)y‘^)) 

j,k=l 


-0{\dpr{x^ + \z2\^)y^) 


Substituting our lower bound for |pip, we are left with 


TrR - ^ T’l^Cfk > \dp\ ^ {-3xy^ + 2x) 

j,k=l 

+ 4(1 - A)|dp|-2 (2x(y^ + ^)+ {2x^ + 4|^2n 


4 400 


400 


-0{\dp\-\x^+\z2\^)y^). 
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The value of A has been chosen so that all terms that are linear in x will cancel, leaving us 
with 


Tr/:- 

j,k=l 


X)\dp\-^[{2x^ + A\z2 


|2^l/ 


12 


400 


0{\dp\-\x^^\z2\^)y^). 


Since 1 — A > 100i/“®, we can choose Yi sufficiently large so that this quantity is greater than 
or equal to zero. 

For our final region, we choose R 2 = Ri and Y 2 > Yi. When \/x^~+~\z^ < R 2 and 
\y\ < Y2 we set 


Tj = / - (2(1 + 4|p,n + 3!/=(1 + 4|pjp))-‘ (U^)-' C/'l 


Since 


4|piP , 4 |p2 


det U = \dp\ 1 + ——-- + 


\dp\ + 1 \dp\ + 1 


= \dp\ , 


we can invert (15.31) to obtain 


rr-l /tyTN-I _ A + 4|pip 4piP2 

^ ) - I Aplp2 l+4|p2p'’ 


so we can compute 

Tr T 2 = 2 - (2(1 + 4|pi|2) + ?,y\l + 4|p2r))-'(2(l + A\p,\^) + ?,y\l + 41^2^) = I- 


Since / — T 2 is positive semi-definite, each eigenvalue of T 2 must be at most one. Two 
eigenvalues less than or equal to one can only add to one if both eigenvalues are also greater 
than or equal to zero, so each eigenvalue of T 2 lies on the interval [0,1]. We check 

2 

Tr £ — Cjj, = (2(1 -|- 4|pip) -|- 3i/^(l -|- 4|p2p)) ^(2pii + ^y"^ P 22 ) ^ 0, 

j,k=l 


since the only potentially negative terms in pii and P 22 are —3xy^ and 2x, respectively. 
Since the denominator is bounded below by 2 and T 2 is only defined on a compact set, T 2 
is uniformly smooth. 

We are now ready to assemble our T. Let y G C'°°(M) be a nondecreasing function 
satisfying y(t) = 0 when f < 0, y(f) = 1 when f > 1, and 1 — y(f) = y(l — t). Define 


r = x 


f Rl-x^-\z2n 
[Yi-Y,^J^[ Rl-Rl J 


Ti + X 


/if^A / Rl-x^-lz2l^ \ 

[y2_y2JX[^ j^2_^2 J 


T 2 . 


This will satisfy all of the necessary properties of Dehnition 12.31 so D satisfies weak Z(2). 

For our negative result, we will examine the Levi-form in a neighborhood of Kq. Fix y, 
and assume that -f |z 2 p < for some R > 0. Since |p 2 (^)| Y 0{x‘^ + \z 2 \‘^), it follows that 


U 


Vl + 4|piP V° 


0 A 

J_j -|- 0{x^ -\- |^2|^)- 

^l+4|pi|2+l/ 
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Note that 1 H— , — = \/l + 4|piP, so we have 

Vi+4|piP+i ^ ' ' 


£ 


1 1 

f —3xy‘^ 

1 + 4|pi 

2 1 

W2^1 + 4|pi| 


2:2^1 + 4 |piP\ 

2a;(l + 4|pip)y 


+o(x2+|z2n. 


Suppose that T satisfies the requirements of Definition 12.31 for weak Z{2). When x = 0, 
we have 


Tr £ - ^ = -2 Re T 


21 ^2 


j,k=l 


Vl + 4|piP 


+ 0(|Z2| 


This quantity must be nonnegative for 2:2 near zero and equal to zero when 22 = 0, so the 
linear terms in 22 must vanish. Hence = 0 on Kq. On the other hand, when 22 = 0 we 
have 


TtC 


E = 


j,k=l 


—Sxy"^ 

l + 4|piP 


(1 - + 2a;(l 


+ 0(a:^). 


As before, this must be nonnegative for x near zero and equal to zero when x = 0, so we 
must have + 2(1 — = 0 on Kq. 

On Kq, we now know that T is diagonal, so the eigenvalues must be and When 
y = 0, we must have = 1, so since TrT 7 ^ 2 by assumption, we must have 7 ^ 1. 
When y ^ 0, we have = 1 if and only if = 1, so TrT 7 ^ 2 implies that neither 
eigenvalue can equal 1. This proves our negative result, since T has exactly one eigenvalue 
equal to 1 on the set 

A' = {2 G dQ : 2 i = 22 = 0}, 


but no eigenvalues equal to 1 on the set Kq\K. 

□ 
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